
(sin kx, sinmx) =


π∫

−π

sin2(kx)dx =
π∫

−π

1−cos(2kx)
2

dx = π , k = m ̸= 0

π∫
−π

sin(kx) sin(mx)dx = 1
2

π∫
−π

(cos(k +m)x− cos(k −m)x)dx = 0 , k ̸= m

(cos kx, cosmx) =



π∫
−π

1 · 1dx = 2π , k = m = 0

π∫
−π

cos2(kx)dx =
π∫

−π

1+cos(2kx)
2

dx = π , k = m ̸= 0

π∫
−π

cos(kx) cos(mx)dx = 1
2

π∫
−π

(cos(k +m)x+ cos(k −m)x)dx = 0 , k ̸= m

(sin kx, cosmx) =


π∫

−π

sin(kx) cos(mx)dx = 1
2

π∫
−π

sin(2kx)dx = 0 , k = m ̸= 0

π∫
−π

sin(kx) cos(mx)dx = 1
2

π∫
−π

(sin(k +m)x+ sin(k −m)x)dx = 0 , k ̸= m

(e−ikx, e−imx) =

π∫
−π

e−ikxe+imxdx =

π∫
−π

ei(m−k)x =

=


π∫

−π

1dx = 2π , k = m

1
i(m−k)

ei(m−k)x|π−π = 1
i(m−k)

(ei(m−k)π − e−i(m−k)π) = 2
m−k

sin(m− k)π = 0 , k ̸= m

k, l = 0, 1, ...,m
n ≥ 2m+ 1

(cos kx, cos lx) =
n∑

j=1

cos(kxj) cos(lxj) =

=



n∑
j=1

cos(0) cos(0) =
n∑

j=1

1 = n , k = l = 0

n∑
j=1

cos2(kxj) =
n∑

j=1

1+cos(2kxj)

2
= n

2
+ 1

2

n∑
j=1

cos(2kxj)︸ ︷︷ ︸
0 jer 0≤k≤m⇒0≤2k≤2m<n

= n
2

, k = m ̸= 0

1
2
(

n∑
j=1

cos(k + l)xj︸ ︷︷ ︸
0 jer 0≤k,l≤m⇒0≤k+l≤2m<n

+
n∑

j=1

cos(k − l)xj︸ ︷︷ ︸
0 jer 0<|k−l|<n

) = 0 , k ̸= l



(sin kx, sin lx) =
n∑

j=1

sin(kxj) sin(lxj) =


n∑

j=1

sin2(kxj) =
n∑

j=1

1−cos(2kxj)

2
= n

2
, k = l

1
2
(

n∑
j=1

cos(k + l)xj −
n∑

j=1

cos(k − l)xj) = 0 , k ̸= l

(sin kx, cos lx) =
n∑

j=1

sin(kxj) cos(lxj) =


1
2

n∑
j=1

sin(2kxj) = 0 , k = l

1
2
(

n∑
j=1

sin(k + l)xj +
n∑

j=1

sin(k − l)xj) = 0 , k ̸= l


